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Abstract
The micro-mechanical behavior and damage of materials containing multiple microcracks is investigated
using a mesoscopic approach. We develop an analytical and computational framework for the nucleation
and interaction of microcracks near a macrocrack tip based on both the theory of elasticity and the theory
of dislocations. Grain boundaries are considered as critical material points for crack initiation. The discrete
model is used to investigate the relationship between the macroscopic applied stress and evolution of microcracks, yielding a micro-structurally based model for the evolution of damage consistent with some
theoretical models. It is suggested that with this approach macroscopic models can be developed whose
phenomenological parameters can be rigorously investigated and obtained using discrete simulation of
microcracks. Ó 2001 Elsevier Science Ltd. All rights reserved.

1. Introduction
Many lightweight materials such as ceramics have the potential for a wide range of engineering
applications that would result in tremendous cost and energy bene®ts. However, one of the main
limitations is the susceptibility of these materials to microcracking, limiting ductility and causing
failure. Therefore, many researchers [1±7] have spent a great deal of eort in investigating
problems involving the mechanical behavior of materials containing multiple cracks. However, in
the majority of these solutions extreme simpli®cations have been introduced and some facts have
been overlooked. For instance the exact formulation of the crack±defect interaction problem,
shielding at the crack tips and ampli®cation of the stress intensity factors and interaction with
other defects have not been accurately analyzed. Studies such as those given in [1] attempted to
model nucleation of cracks. However, they failed to model the exact interaction process. Some
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other studies managed to model the interaction problem more accurately [3±5] but included a
number of simpli®cations that limited the applicability of the models. This issue has recently been
revisited in [8] and a more rigorous treatment of the interaction problem between two cracks has
been presented.
In the present work we address the problem of multiple planar cracks in an in®nite domain
under mixed mode loading conditions. It may be apparent that the mutual interaction among
multiple cracks could signi®cantly alter the stress ®eld and, therefore, would aect related stress
intensity factors at the crack tips. Therefore, results pertaining to a single crack cannot be simply
used when dealing with multiple microcracks, especially, when the microcrack density is relatively
large, leading to strong interactions. Although, the problem addressed in this paper is for the
planar case, it can be extended straightforwardly to other types of cracks in three-dimensional
cases [9,10]. Furthermore, the formulation of the interaction of not only multiple cracks but also
other defects such as dislocations, inclusions and voids could follow. In the case of cracks in
ductile materials, dislocation motion around the multiple cracks can be formulated on the same
basis. This is an interesting topic that could provide a more rigorous approach to the problem of
plastic zone around the crack tips as presented in [11].
The speci®c application of crack nucleation and propagation problem in polycrystalline is
considered. With increasing loads nucleation of microcracks could be considered as a toughening mechanisms in brittle materials. If a macrocrack pre-exist in a polycrystalline material it
is expected that this crack would grow and/or some new microcracks would nucleate around
the tips of the main crack. The stress ®eld would control that process. Crack generation or
propagation is determined by employing a certain criteria. For example, grain boundaries
provide weak sites for the nucleation of new cracks. Moreover wedge cracks at triple junctions
are frequently observed in these types of materials. In ductile materials pile up of dislocations at grain boundaries or triple junction disclinations could also serve as crack nucleation
sites.
Following the idea presented in [1], certain material points are speci®ed around a main crack
tip. Each point is assigned a random orientation corresponding to a grain boundary representing a prospective crack initiation site and orientation. Then the stress ®eld is analyzed
throughout the domain and whenever the local stress reaches a critical (normal or shear) value
a microcrack is initiated with a length corresponding to a representative size of a grain
boundary. At each load level the analysis is repeated until no more new microcracks can be
nucleated. Then the load is increased one more step and the process is continued until all
possible sites are cracked or the stress intensity factor (SIF) value at the main crack tip exceeds
a critical value. The entire model is based on continuum mechanics and linear theory of
elasticity of a homogeneous medium. Cracks are represented by distributions of dislocations.
This microscopic modeling yields a non-linear load de¯ection behavior in a non-homogeneous
medium. This formulation results in a set of coupled integral equations that are solved numerically.
The primary goal of this line of work is to model dierent types of interacting defects together
with dislocation dynamics around these defects in 2D and 3D cases [12]. This is expected to
generate accurate estimation of the responses of the material such as load±de¯ection relations,
damage history and stress ®eld and failure mechanism so that, damage generation and propagation and its results on the global response can be better understood.
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2. Formulation of the mesoscopic damage model
2.1. Stress ®eld due to a single dislocation and a single crack
We employ the theory of dislocation pile-ups to model the stress ®eld induced by a loaded
crack. Consider a pair of glide and climb edge dislocations. The stresses due to these two dislocations are given in polar coordinates as [13]:
rrr 

Db1

cos h
sin h
 Db2
;
r
r

rhh 

Db1

cos h
sin h
 Db2
;
r
r

rrh 

Db1

sin h
sin h
 Db2
;
r
r

1

where r and h are polar coordinates, b1  uhh0 uhh2p  and b2  urh0 urh2p  are climb and glide
components of the Burgers vector of a dislocation located at the origin, respectively, and uh ; ur are
displacements components. The factor D which includes the shear modulus l and Poisson's ratio m
is expressed as D  2l=p j  1, where j  3 4m for plane strain, and j  3 m= 1  m for
plane stress.
Following a standard approach and using the basic expressions for a single dislocation as
Green's function, the stress ®eld induced by continuous distributions of dislocation densities, that
are used to represent a crack in an in®nite medium, can be expressed as follows:
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where a1 is the half length of the crack and x is a coordinate chosen along the crack line
(x  r; h  0). The terms r0 and s0 are the normal and tangential components of the external
distributed load acting at in®nity and represent normal and tangential tractions along the crack
faces applying the well-known superposition technique.
2.2. The crack interaction problem
In order to model the interaction of more than one crack, the above formulation given by (2)
and (3) is repeated for each individual crack. We consider a medium with randomly oriented m
microcracks. Then, due to the interactions among all microcracks, each one of them will feel the
eect of all the others in addition to the externally applied stresses. Thus, r0 and s0 are replaced by
the normal and tangential components of the external stresses and the eect of other microcracks
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that include integral forms of the unknown dislocation densities. By repeating these equations for
each one of the microcracks the following system of equations is obtained.
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where bn and bt are Burgers vectors of the corresponding dislocation density functions that are
normal and parallel to the crack line. The right-hand sides of Eqs. (4) and (5) are for i 6 j. N and
T are kernels containing the geometric parameters representing the position dependency of the
in¯uence of one crack on the other. Their exact forms are given in the Appendix A. The ®rst terms
on the right-hand sides of Eqs. (4) and (5), which show the eect of the external stresses, are
de®ned as:
r0i  r0 cos a2ci  s0 sin 2aci ;
s0i 

r0
sin 2aci  s0 cos 2aci ;
2

6a
6b

where r0 and s0 are the normal and shear stress applied at in®nity and aci is the orientation angle
of microcrack i. The repetition of the pair of integral equations m times gives 2m equations with
2m unknowns. In order to guarantee the uniqueness of the solution the following closure conditions must be imposed.
Z ai
Z ai
bnj si  dsi  0;
btj si  dsi  0; i  1; . . . ; m:
7
ai

ai

This completes the fully coupled exact formulation of the multiple crack interaction problem.
In the solution process, the above integrals are scaled using related microcrack half-length so
that the limits are always between )1 and 1. Moreover, the space is scaled by the length of the
macrocrack (when no macrocrack exists, scaling is with respect to grain size). In general these
equations can be discretized and solved using one of many techniques available. The p
dislocation

density distributions are separated into a singular and the regular parts as b s  B s= 1 s2 . In
the present work the Chebyshev polynomial technique as proposed by Erdogan [14], among other
techniques, is preferred due to its simplicity. When the crack propagation is added to the analysis,
the quadratic polynomial technique could be preferred to relax the constraints on the scaling of
the integral boundaries. The ®nal forms of the discretized equations are given as:
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where Bi  D=rc Bi , s0i  s0i =rc , r0i  r0i =rc , and rc is some reference stress (here it is taken as
the critical normal stress for crack nucleation). Moreover sj;k and x^i;r 's are zeros of Chebyshev
polynomials of the ®rst and second kind, respectively. Indices i and j beside k and r indicate
whether these points are along crack i or j. Because of non-dimensionalization in the local coordinates their values are the same at each equation. The number n is the number of nodal points
along each crack. Additional equations are obtained from the discretized forms of the closure
conditions.
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The edge or surface cracks are not covered in the above formulation. The formulation is restricted
to the case of planar mixed mode cracks in an in®nite domain where the external loads are
uniformly distributed at in®nity.
The present formulation gives result to the distribution of dislocation densities along the crack
lines, which in turn can be used in calculating crack opening displacements, stress intensity factors
and the entire extended stress ®eld. It is important to note that once the distribution of dislocation
density for each microcrack is obtained one can evaluate the exact stress ®eld throughout the
domain by integration of kernels including the dislocation densities. Therefore, the exact stress
intensity at each crack tip can be evaluated.
2.3. Microcrack nucleation criterion
We now take a closer look at the material points around a pre-existing macrocrack. Depending on the type of the material investigated dierent behaviors can be observed at that
region. When polycrystalline materials are considered, one mechanism controlling the response
of the crack tip is crack nucleation along grain boundaries. Eventual coalescence of these cracks
and crack branching and propagation can also occur. This leads to inevitable crumbling or
fracture of the entire material. During this process the load displacement relation may exhibit
non-linear behavior. In the present study the relationship between load and/or crack density is
examined.
Here we assume the presence of an initial macrocrack and investigate the process of nucleation
of microcracks around it. To start the analysis discrete nodal points are considered around the
pre-existing macrocrack tip. Each of these points is assigned a random orientation corresponding
to the distribution of the grain boundary alignments and a critical stress beyond which a microcrack may nucleate. The distance between the neighboring nodal points and prospective microcrack lengths are much smaller than the pre-existing macrocrack length. The microcrack
length and critical stress for each nucleation site can be randomly or uniformly distributed. Initially only crack generation, its eect on the stress intensity factors and displacements, number of
generated cracks and applied load relations are considered. Coalescence of microcracks that
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develop into a macrocrack, crack propagation and plastic zone development are not included in
the model at this stage. After developing a slightly modi®ed model for the kinked interacting
cracks these features can be invoked into the analysis.

3. Results and discussions
The numerical analysis carried out consists of a 2D domain containing a pre-existing macrocrack situated at the center of the domain, half of which is depicted in Fig. 1. Possible sites of
microcracks are assigned randomly as also shown in Fig. 1. The applied stress is a uniaxial normal
stress perpendicular to the main crack line applied far from the crack (at in®nity) in most of the
cases. The case of a bi-axial state of stress is also considered. The prospective microcrack sizes are
taken as 100 times smaller than the main macrocrack length. Having this length smaller or bigger
will not aect the generalization of the results because of the non-dimensional form that is explained below. If the half-crack length of the main crack is chosen as the dimensional reference
length (or taken as unity) nodal points around the crack tip are taken 0.02 distance away from
each other, as shown in Fig. 1. Since the main crack length is treated as ®nite, the important
dimensional parameter for the microcracks is the ratio between the micro and macrocrack
lengths. This can be extended to cover the semi-in®nite crack case by taking the ratio very small.
However direct semi-in®nite crack assumption creates a problem of dimension in terms of close
tip area. How close one should approach the crack tip (mesh size) to invoke fracture mechanics
concepts remains an open question.
The applied stresses are non-dimensionalized by a critical stress rc (as can be deduced from
Eqs. (8), and (9)) and the unit length scale is considered as the macrocrack length such that
ai  ai =a1 , i 6 1 are used in the non-dimensionalization. Actual numbers need to be used for ai
during the simulations are mentioned above. This value is chosen to be 0.01 in the present study.

Fig. 1. Representation of the prospective microcrack sites (set 3).
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In order to generalize
p the result for dierent ranges of macrocrack sizes and applied stresses a load
parameter P  r= ai can be de®ned.
Random distributions of the orientations are assigned. These orientations can be chosen according to a certain statistical distribution, depending on the manufacturing process that results in
grains that are aligned along certain directions. Therefore, in addition to completely random
distributions, bias orientation distributions, one between 30° and the other between 20° are
also investigated. Having these orientations according to a statistical distribution could be done to
correlate them with some experimentally observed texture. A similar argument is true for the
critical stress that is used to determine crack initiation. The value of the critical stress can also be
assumed to be inhomogeneous with a certain distribution form. Dierent sets of simulations are
performed using ®ve dierent combinations of these distributions. We present the results for 12
cases as follows:
Sets 1 and 3: Two sets of random orientation distributions are considered. Nodes are symmetrically distributed around the upper and lower parts of the main crack line. Total number of
nodes checked is 600. The domain is bounded between x  0:9, 1.3 and y  1:5, 1.5.
Set 2: Nodes are non-symmetrically distributed around the macrocrack line. Total number of
nodes is 600. The domain is bounded between x  0:9, 1.3 and y  2:5, 0.5.
Sets 4 and 5: Two sets of random orientation distributions are considered. Nodes are symmetrically distributed around the upper and lower parts of the main crack line. Total number of
nodes checked is 900. The domain is bounded between x  0:9, 1.5 and y  1:5, 1.5.
Set 6: Random orientations are restricted between 30°.
Set 7: Random orientations restricted between 30°.
Set 8: Random orientations are restricted between 20°.
Set 9: Crack initiation stress (inhomogeneous critical normal stress) changes randomly between
0.5 and 1.5.
Set 10: Orientations are restricted between 30° and crack initiation stress (inhomogeneous
critical normal stress) varies randomly between 0.5 and 1.5.
Set S3: Set 3 is repeated by additional crack generation criteria. A critical shear stress value that
is the half of the critical normal stress value is added as crack generation criterion. Two more
variation of this case is tried with a critical shear stress 0.8 times of the normal and equal to the
normal stress. The ®rst two slightly increased the generated crack number and the latter one did
not make any signi®cant changes. Therefore only the second one is reported here.
Set 12: All of the above 11 cases are for the uniaxial tension load. Bi-axial loading is considered
here by modeling the stress ®eld at the center of a disk under diametrical compression test. The
orientation and node distributions are kept the same as in set 3. Two variations of this case are
also tried for a critical shear stress similar to case S3.
In all the 1±10 cases microcracks initiate when the normal stress reaches a critical value, which is
unity (since the stress is scaled by the critical stress) and the external applied stresses are expressed
as fractions of the critical stress. The simulations are performed for a various number of nodes
consisting of 400, 600 and 900 nodes. Although higher number of nodes were tried, it was observed that increasing the number of nodes beyond 400 did not change the results.
The nodes are symmetrically distributed around the main crack in four of the cases presented in
Fig. 2. Higher number of nodes can be used to make sure that no potential crack site is missed.
Choosing the nodes at only above or below the main crack line and using symmetry arguments as
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Fig. 2. Plots of applied stress vs. number of microcracks for ®ve dierent set of random orientations.

done in [1] may reduce the numerical solution eort, however certain boundary conditions along
the main crack line must be imposed in that case. The actual case does not necessarily follow that
sort of symmetry and the boundary conditions will be unrealistic. Therefore, nodes are considered
at both sides of the main crack line.
Fig. 2 shows the applied stress vs. number of microcracks in logarithmic scale. Five dierent
sets of random orientations produce slightly dierent results. However, the over all results suggest
that the relationship between the load and microcrack density is power law of the form:
M  C rn ;

11

where M is the number of microcracks. Curve ®tting gave values for C and the exponent n for sets
1±5 and the result is given in Table 1. The values for n are comparable with the value n  4 reported in [1]. The power ``4'' arises from the relationship between the ``critical'' area (the area
enclosed by a contour where the principle normal stress is equal to the critical stress) ahead the
crack tip and the stress ®eld. Or by simple scaling arguments, since the stress ahead of a crack tip
varies as 1=r1=2 as long as the stress ®eld is not very much aected by perturbation from nearby
defects. In the discrete analysis, the stress ®eld is computed explicitly and includes interaction
among all cracks and, therefore, it may not vary as 1=r1=2 . Moreover, this scaling argument assumes that the entire area ahead of a single crack tip collapses symmetrically in an isotropic and
continuum fashion. However, the discrete analysis suggests that microcracking depends on texture and anisotropic properties.
An average least square line ®t to all data points given in Fig. 2 produces the following relationship.
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Table 1
Model parameters (eq. 11) for various micro-crack distributions
Case

Equation of the line ®t

Set
Set
Set
Set
Set
Set
Set
Set
Set

Log
Log
Log
Log
Log
Log
Log
Log
Log

1
2
3
4
5
6
8
9
S3

M  2440
r4:12 :

M  5:09Log
M  3:83Log
M  5:11Log
M  4:22Log
M  4:26Log
M  4:62Log
M  4:42Log
M  4:54Log
M  4:85Log

r  8:69
r  7:41
r  8:76
r  7:72
r  7:70
r  9:31
r  9:17
r  8:98
r  9:01

12

It is assumed
that potential microcracks have equal lengths. Thus, when the load parameter
p
P  r= ai is used the relation becomes
M  0:172P 4:12 :

13

It is clear that the equal microcrack length assumption may not always be true as grain sizes and
corresponding boundaries could be dierent as a result the above load parameter P may not be
very meaningful.
It is observed that initial stage of microcracking makes a signi®cant dierence in the value of
the exponent n. If the closer material points to the main crack tip do not have favorable orientations and microcracks initiate closer to the shielding region, less number of cracks are expected
to nucleate. This in turn aects the earlier stage of microcracking. The simulations are performed
up to a certain number of generated microcracks (say up to 200). This gives a satisfactory idea
about the response of the cracked medium.
Fig. 3 shows the change in the stress intensity factor (SIF) at the tip of the macrocrack during
the microcracking. In Fig. 3, the SIF K1 at each load level is normalized by K0 , where K0 is the
stress intensity factor corresponding to the macrocrack at that load level but with no microcracks.
As can be seen in Fig. 3, ®ve dierent sets produce dierent results. In fact in some cases the SIF
decreases although the applied stress and the number of cracks are increased. This is due to the
shielding and ampli®cation eects of the microcracks. If some microcracks are in the shielding
region the SIF at the macrocrack does not increase drastically and even decreases in some cases.
Contours de®ning shielding and ampli®cation regions are discussed in previous studies [3±8].
Furthermore, this ®gure shows that the distribution and orientations of the microcracks play an
important role in the propagation of the main crack. In some cases more microcracks might be
more eective in reducing the level of stress intensity at the main crack tip.
Some representative snap shots of the microcracking process at dierent load levels for set 4 are
presented in Fig. 4. The ®rst two microcracks are observed at r  0:18 at orientations 13° and 31°
at the closest points to the crack tip.
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Fig. 3. SIF vs. applied stress plots for ®ve dierent sets of random orientations (sets 1±5).

The results of sets 6±8 show the eect of biased orientations. As one may expect, biased orientations around 0 (between 20° and 30°) resulted into more microcracks when the applied
load is normal to the main crack. The resulting microcracking pattern was nearly parallel to the
macrocrack. This suggests that the macrocrack would propagate in a nearly self-similar manner
with microcracks nucleating parallel to it. As can be seen in Fig. 5(a), sets 6±8 clearly results in
more microcracking than the previous ®ve cases.
Next we examine the eect of the critical stress on the result. The critical stress is assumed to be
inhomogeneous and randomly distributed around unity (between 0.5 and 1.5) while the orientations are:
(a) completely random (set 9), or
(b) randomly changing between 30° (set 10).
The results are given in Fig. 5(b). Case 9 results in more microcracking than the ®rst ®ve cases.
However the number of microcracks is less than the biased orientation cases. This is more signi®cant at especially higher load levels. This can be explained by the fact that when the value of
the critical stress is low even at some far weak nodes microcracks can nucleate easily, and these
sites can trigger more microcracks wherever the critical stress level is low enough. For certain sets
of random distribution, e.g. when strong nodes with higher critical stress are mostly concentrated
around the macrocrack tip, the behavior could be more similar to the previous cases. Case 10 also
resulted in more microcracking because we have more orientations close to being perpendicular to
the loading direction.
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Fig. 4. (a) Microcracks nucleation plots at dierent steps for set 4. (Applied stress  0.3rc ). Zoomed and scaled plots,
(b) Instantaneous plot at applied stress level  0.39rc for set 4.

Cracks may initiate because of both normal and shear stresses. The critical normal stress is
again taken as unity (or applied stresses are non-dimensionalized by that) and the critical shear
stress is
(a) half of the normal stress,
(b) 0.8 times the normal stress, or
(c) the same as the normal stress.
In the cases of (a) and (b) signi®cantly more microcracks are generated even in pure normal (mode
I) loading condition. In case (c) slightly more microcracks are generated. This is an expected
behavior because there is an additional condition which guarantees that more cracks (equal at
least) than the previous criteria will be nucleated. Moreover, along certain orientations shear
stresses could be more eective. The applied stress vs. number of microcracks plot for this case is
very much similar to the ones in Fig. 5.
In Fig. 6, the eect of the applied stress (or increasing number of microcracks) on the SIF of the
main crack tip for some of the later sets is compared with some of the previous cases. It can be
deduced from the ®gure that sets 7 and 8 that result into higher number of microcracks cause more
drastic increases in the SIF. The orientations of the microcracks are more responsible for this
increase, because microcracks close to being parallel to the main crack are more likely to produce
more stress ampli®cation as reported in [8]. As for the case of set S3, more microcracking is observed with increased SIF. However, these eects are not as severe as the biased orientation cases.
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Fig. 5. Comparison of the log plots regular cases, biased orientations, critical stresses and mixed crack generation
criterion.

In the numerical simulations, cracks are discretized along their lengths to ®nd dislocation
density distributions pointwise (Eqs. (8) and (9)). Although the number of discretization points
(N) is important for accuracy, it prolongs the simulation process signi®cantly. In all the simu-
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Fig. 6. SIF of the macrocrack vs. applied stress for dierent cases.

lations discussed so far, we used N  15. In order to see the eect of N on a sample case another
run with N  20 is performed for set 1. The eect on the number of generated cracks is not very
signi®cant however the eect on the SIF is interesting to observe. As seen in Fig. 6 both cases
produce oscillations in the SIF but the path is dierent. This shows that if the main concern is the
accuracy of the SIF rather than the number of cracks, N must be kept high.
It is also possible to follow the history of microcracking and the SIF history at each load level
during the numerical process. Since the loading is not performed in a progressive manner, the runs
start from a zero microcrack state at each stress level. At a certain ®xed load level, an iteration
procedure is performed until a steady state is reached. Here a steady state means no more microcracks can nucleate at a constant load. Thus, at the start of the iteration procedure a few
microcracks may nucleate, then the stress ®eld is re-evaluated and more new microcracks nucleate, and the process is repeated until no more microcracks can be nucleated. The dashed lines in
Fig. 7 indicate the path of the microcracking history. Progressive loading is also analyzed by
keeping the same number of microcracks that are generated at each previous load level. Then
increasing the load until additional microcracks are nucleated. The number of microcracks turned
out to be slightly lower in this latter case, as can be deduced from Fig. 8, but the general trend is
the same.
Finally, we examine the eect of bi-axial loading. Bi-axial loading (the stress state at the center
of a compressed disk-Brazilian nut test) did not make any signi®cant dierence when the fracture
criterion is based on the normal stress only. However when the shear stress is used together with
the normal stress the number of microcracks increased signi®cantly, creating a scattered view of
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Fig. 7. (a) The eect of microcracking history on SIF of the macrocrack is shown for two sample cases. One case is set 8
the other one is repetition of set 3 for with additional critical shear stress is used in crack generation. (b) Microcracking
history samples for set 4 at load level rc  0:27. The above ®gure shows ®rst generated cracks. After this the redistribution of the stress ®eld is rechecked and more microcracks nucleate as shown in Figs. 8 and 9(a)±(d).

the generated cracks in terms of both orientations and locations. It is assumed that failure initiates from a pre-existing ¯aw at the central region where there is a bi-axial state of stress
(3rtension  rcomp ). Although the stress distribution changes at dierent positions, it is assumed to
be constant over a very small central region. The main crack is aligned perpendicular to the
tensile component. The ®rst set of simulations had the same crack ratio. In a second set of runs
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Fig. 8. Eect of loading history on crack density.
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Fig. 9. (a) Microcracks for bi-axial loading case (rcomp  3rtension , central ®eld of a disk under diametrical compression)
at applied tension stress (opening the main crack) is r  0:36rc , and the microcrack generation criteria is based on both
critical normal and shear that are equal. (b) The same case as in Fig. 8(a). However the critical shear stress for crack
initiation is taken as half of the normal one. As seen here the applied tension stress is 0.21 and there are more microcracks. (c) Exactly the same case as 8.a however the shear stress is not used at all. (d) Here the microcrack lengths are
10 times smaller then the main crack in oppose to the 100 times case presented in the other cases. The cracks seen here is
created at an applied stress level  0.47. Both normal and shear critical stresses are used for crack generation criterion.
Both of these critical stresses have the same value (unity).

for this speci®c case the prospective microcrack lengths are taken as 1/10 of the main (initial)
crack length. However, when the load parameter P is used the scaling can be uni®ed again. The
evolution of microcracks for this case at dierent load levels is shown in Fig. 8(a). Dierent cases
are tried for the same micro±macrocrack length ratio. When the shear stress is not used in the
crack nucleation criteria the number of microcracks is much less than the previously mentioned
®rst ®ve cases. Because the compression stress aects the oblique crack sites negatively, i.e. it
works to close the cracks. However, when the eect of the shear stress is also included in the
microcracking criterion it is observed that most of the microcracks are generated around 45°,
showing the eectiveness of shear in bi-axial loading even if one of the applied stress components
is in compression. When the critical shear stress is the same as the normal stress the number of
microcracks increases signi®cantly and is close to the ®rst ®ve cases reported. When the value
of the critical shear stress is reduced to half of the normal critical stress, even at very low level of
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applied stress, many microcracks are generated as can be deduced from Figs. 9(a)±(d). The
patterns of generated cracks are also much dierent when the shear is used as a criterion as can be
seen in Figs. 9(a) and (b). The mode II eect is not because of loading only but the interaction is
also important in enhancing mode II. Although, in general the normal stresses are considered as
more important in brittle materials some critical shear stress could be very important especially in
bi-axial loading.
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Appendix A
The kernels that appears in Eqs. (8) and (9) and related geometric parameters are given as
follows:
Nijn 

Tijn 

cos hij
rij
sin hij
rij

sin hij
sin 2cij ;
rij
cos hij
sin 2cij ;
rij

Nijt 

sin hij
cos 2cij ;
rij

Tijt 

cos hij
cos 2cij ;
rij

xci  xi cos ai  yi sin ai ;

yci  yi cos ai

xi sin ai ;

where xi and yi are the position of the center and ai is the orientation of crack i measured in the
global coordinate system.
xcij  xcj

xci ;

c2ij  x2cij  yc2ij ;

ycij  ycj

yci ;
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ycij
;
xcij

hcij  tan

1

xij  xi

si cos aij   xcij ;

yij 

si sin aij   ycij ;

q
rij  x2ij  yij2 ;
hij  h0ij

aij ;

cos h0ij 
cij 

xij
;
rij

sin h0ij 

yij
;
rij

h0ij ;

where sj is the point where a dislocation with the strength b s ds that is taken out of continuous
dislocation distribution along crack j is located and xi is the point where the stresses due to this
piece of dislocation density is written. All the other parameters are shown in Fig. 10 on any two
cracks i and j located on the planar domain ahead of the main crack. Point xi can be any point on
the domain in general. However Fig. 10 and Appendix A is used speci®cally to write the integral
equations where the basic interest is to express the stresses along the line of crack i. Therefore in
Fig. 10 xi is shown on that crack line.

Fig. 10. The representation of the geometric parameters used in the kernels of the integral equations.
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